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Introduction
Suppose (M2n+1, η, g, J) is a positively oriented, metric contact manifold. More precisely,
this means that η is a 1-form such that 1n!η ∧ (dη)n = dvg, J is a skew-symmetric endomor-
phism of TM such that
J2X = −X + η(X)ξ, dη(X,Y ) = g(JX, Y ), ∀X,Y ∈ Vect(M),
and ξ is the Reeb vector field determined by η(ξ) = 1, ξ dη = 0. Set V = ker η.
The operator J induces an almost complex structure on V , and we get decompositions
V ⊗ C = V 1,0 ⊕ V 0,1, Λ∗V ∗ ⊗ C =
⊕
0≤p+q≤2n
Λp,qV ∗.
We set Ωp,q(V ∗) := C∞(Λp,qV ∗). The Lie derivative along ξ has the property LξΩ0,p(V ∗) ⊂
Ω0,p(V ∗) ⊕ Ω1,p−1(V ∗), and we define LVξ : Ω0,p(V ∗) → Ω0,p(V ∗) by LVξ φ = (Lξφ)0,p. The
operator iLVξ is symmetric. There exists a natural operator
∂¯V : Ω
0,∗(V ∗)→ Ω0,∗+1(V ∗).
We can form a contact Hodge-Dolbeault operator
H : Ω0,∗(V ∗)→ Ω0,∗(V ∗)
which with respect to the decomposition Ω0,even ⊕ Ω0,odd(V ∗) has the block form
H =
 −iLVξ
√
2(∂¯V + ∂¯
∗
V )
√
2(∂¯∗V + ∂¯
∗
V ) iL
V
ξ

∗This work was partially supported by NSF grant DMS-0071820.
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This is a symmetric Dirac type operator and it is an example of geometric Dirac operator,
i.e. an operator of Dirac type defined entirely in geometric terms with no mention of spinc
structures.
On the other hand, the contact form defines a spinc structure with determinant line
K−1M , where canonical line bundle of M is defined by
KM := detV
0,1 ∼= Λn,0V ∗.
The associated bundle of complex spinors is Sc = Λ
0,∗V ∗. The Clifford multiplication by iη
is an involution of Sc and the ±1 eigenspaces are
S
±
c
∼= Λ0,even/oddV ∗.
A metric connection ∇ on TM such that ∇J = 0 is called a contact connection. If addi-
tionally M is a CR manifold, i.e. the distribution V 1,0 is integrable, then we define a CR
connection to be a contact connection such that its torsion satisfies
T (X,Y ) = 0 ∀X,Y ∈ C∞(V 1,0).
A metric connection on TM together with a hermitian A connection on K−1M canonically
define a Dirac operator D(∇, A) on Sc. The connection ∇ is called nice if D(∇, A) is
symmetric for any hermitian connection A on K−1M . Two metric connections ∇1 and ∇2
are called Dirac equivalent if there exists a hermitian connection A on K−1M such that
D(∇1, A) = D(∇2, A).
The first question we address in this paper is the following.
• Can we find a contact connection ∇ and a hermitian connection A on K−1M D(∇, A) = H?
( A connection ∇ with this property is said to be adapted to H.)
Suppose additionally that M is also spin. We denote by D0 the associated spin Dirac
operator. The second question we as is the following.
• Does there exist a contact connection ∇ on TM such that D(∇) = D0? In other words,
is there any contact connection Dirac equivalent to the Levi-Civita connection?
To address these questions we rely on the work P. Gauduchon, (see [5] or §2.1,§2.2), con-
cerning hermitian connections on almost-hermitian manifolds. We can naturally associate
two almost hermitian manifolds to M .
• The cylinder Mˆ = R×M with metric gˆ = dt2+g and almost complex structure Jˆ defined
by Jˆ∂t = ξ, Jˆ |V= J .
• The symplectization M˜ = R+ ×M with symplectic form ω = dˆ(tη), metric g˜ = dt2 +
η⊗2 + tg |V , and almost complex structure J˜ = Jˆ .
To answer the first question we use the cylinder case and a certain natural perturbation
of the first canonical connection on (TMˆ, gˆ, Jˆ). This new connection on TMˆ preserves the
splitting TMˆ = R∂t ⊕ TM and induces a connection on TM with the required properties
(see §3.1). Moreover, whenM is a CR manifold this connection coincides with the Webster
connection, [11, 14].
To answer the second question we use the symplectization M˜ and a natural perturbation
of the Chern connection on TM˜ . We obtain a new connection on M˜ whose restriction to
2
{1} ×M is a contact connection (see §3.3). When M is CR this contact connection is also
CR, but it never coincides with the Webster connection. We are not aware whether this
contact connection has been studied before.
These two connections are examples of geometric connections. In fact we prove a much
stronger result.
Theorem. (a) On any metric contact manifold there exists a nice contact connection
adapted to H and a nice contact connection Dirac equivalent to the Levi-Civita connection.
If the manifold is CR these connections are also CR.
(b) On a CR manifold each Dirac equivalence class of connections contains at most one
nice CR connection. Moreover, the Webster connection is the unique nice CR connection
adapted to H.
Finally, we present several Weitzenbo¨ck formulæ involving the operator H (see §3.2).
We expect these facts will have applications to three dimensional Seiberg-Witten theory.
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1 General properties geometric Dirac operators
§1.1 Dirac operators compatible with a metric connection Suppose (M,g) is
an oriented, n-dimensional Riemannian manifold. We will denote a generic local, oriented,
synchronous frame of TM by (ei). Its dual coframe is denoted by (e
i). We will denote the
natural duality between a vector space and its dual by 〈•, •〉.
A metric connection on TM is a connection ∇ on TM such that
X · g(Y,Z) = g(∇XY,Z) + g(Y,∇XZ), ∀X,Y,Z ∈ Vect (M).
The torsion of a metric connection ∇ is the TM -valued 2-form T = T (∇) defined by
T (X,Y ) = ∇XY −∇YX − [X,Y ].
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The Levi-Civita connection, denoted by D in the sequel is the metric connection uniquely
determined by the condition T (D) = 0. Any metric connection ∇ can be uniquely written
as D + A, where A ∈ Ω1(End−(TM)), where End− denotes the space of skew-symmetric
endomorphisms. A is called the the potential of ∇.
There are natural isomorphisms
Ω2(TM)−→Ω2(T ∗M), T 7→ T †
Ω1(End−(TM)) 7→ Ω2(T ∗M), A 7→ A†
defined as follows.
Ω2(TM) ∋ T 7→ T †, 〈X,T †(Y,Z)〉 = g(X,T (Y,Z))
and
Ω1(End−(TM)) ∋ A 7→ A†, 〈X,A†(Y,Z)〉 = g(AXY,Z) =: A†(X;Y,Z),
∀X,Y,Z ∈ Vect (M). In local coordinates, if
T (ej , ek) =
∑
i
T ijkei, Aeiej =
∑
k
Akijek
then
T †(ej , ek) =
∑
i
T ijke
i, A†(ej , ek) =
∑
i
Akije
i,
or equivalently, T †ijk = T
i
jk, A
†
ijk = A
k
ij. To simplify the exposition, when working in local
coordinates, we will write Aijk instead of A
†
ijk etc. Define
tr : Ω2(T ∗M)→ Ω1(M), Ω2(T ∗M) ∋ (Bijk) 7→ (trB) =
∑
i,k
Biike
k
and the Bianchi map
b : Ω2(T ∗M)→ Ω3(M),
Ω2(T ∗M) ∋ (Bijk) 7→ bB =
∑
i<j<k
(Bijk +Bkij +Bjki)e
i ∧ ej ∧ ek.
Note that if B ∈ Ω3(M) ⊂ Ω2(T ∗M) then B = 13bB.
For any A ∈ End(TM) and α ∈ Ω1(M) we define A ∧ α ∈ Ω2(T ∗M) by the equality
(A ∧ α)(X;Y,Z) = (AX)♭ ∧ α(Y,Z), ∀X,Y,Z ∈ Vect(M),
where •♭ (resp. •♭) denotes the g-dual of a vector (resp. covector) •. The following
elementary result lists some basic properties of the above operation.
4
Lemma 1.1. Let A ∈= End(TM), α ∈ Ω1(M) and set
A+ =
1
2
(A+A∗), A− =
1
2
(A−A∗).
Then
tr(A ∧ α) = (trA)α−Atα,
and
b(A ∧ α) = 2ωA− ∧ α,
where
ωA−(X,Y ) = g(A−X,Y ), ∀X,Y ∈ Vect(M).
Using the above operations we can orthogonally decompose Ω2(T ∗M) as
Ω2(T ∗M) = Ω1(M)⊕ Ω3(M)⊕ Ω20(T ∗M)
where
Ω20 :=
{
A ∈ Ω2(T ∗M); bA = trA = 0
}
,
and Ω1(M) embeds in Ω2(T ∗M) via the map
Ω1(M)→ Ω2(T ∗M), α 7→ α˜ := 1
n− 1
(
1TM ∧ α
)
Using this orthogonal splitting we can decompose any A ∈ Ω2(T ∗M) as
A = t˜rA+
1
3
bA+ P0A, P0A := A− ˜trA− 1
3
bA ∈ Ω20(T ∗M).
The next result, whose proof can be found in [5], states that a metric connection is deter-
mined by its torsion in a very explicit way.
Proposition 1.2. Suppose that ∇ is a metric connection with potential A and torsion T .
Then
T † = −A† + bA†, (1.1)
A† = −T † + 1
2
bT †. (1.2)
In particular
bA† =
1
2
bT †, trA† = −trT †.
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Since all the computations we are about to perform are local we can assume that M is
equipped with a spin structure and we denote by S the associated complex spinor bundle1.
We have a Clifford multiplication map
c : Ω∗(M)→ End(S).
A hermitian connection ∇˜ on S is said to be compatible with the Clifford multiplication
and the metric connection ∇ on TM if
∇˜X
(
c(α)ψ
)
= c(∇Xα)ψ + c(α)∇˜Xψ, ∀X ∈ Vect (M), α ∈ Ω1(M), ψ ∈ C∞(S).
We denote by A∇ = A∇(S) the space of hermitian connections on S compatible with the
Clifford multiplication and ∇.
Proposition 1.3. The space A∇(S) is an affine space modelled by the space iΩ1(M) of
imaginary 1-forms on M .
Proof Suppose ∇˜0, ∇˜1 ∈ A∇. Set C := ∇˜1 − ∇˜0 ∈ Ω1(End (S) ). Since both ∇˜i, i =
0, 1, are compatible with the Clifford multiplication and ∇ we deduce that for every X ∈
Vect (M) the endomorphism C(X) := X C commutes with the Clifford multiplication.
Since the fibers of S are irreducible Clifford modules we deduce from Schur’s Lemma that
C(X) is a constant in each fiber, i.e C ∈ Ω1(M)⊗C. Since both ∇˜i are hermitian connections
we conclude that C must be purely imaginary 1-form. 
Definition 1.4. A geometric Dirac operator on S is a first order partial differeintial oper-
ator D of the form
D = D(∇˜) : C∞(S) ∇˜−→ C∞(T ∗M ⊗ S) c→ C∞(S)
where ∇˜ ∈ A∇(S) for some metric connection ∇ on TM . The geometric Dirac operator is
called nice if it is formally self-adjoint.
Locally, a geometric Dirac operator has the form
D(∇˜) =
∑
i
c(ei)∇˜Ei .
Every metric connection∇ canonically determines a connection ∇ˆ ∈ A∇(S) locally described
as follows. If the so(n)-valued 1-form ω associated by the frame (ei) to the connection ∇ is
defined by
∇ej =
∑
i,k
ek ⊗ ωikjei, ωikj + ωjki = 0,
then the induced connection on S is given by the End− (S)-valued 1-form (see [9])
ωˆ = −1
4
∑
i,j,k
ek ⊗ ωikjc(ei)c(ej). (1.3)
1
S is Z2-graded if n = dimM is even and it is ungraded if n is odd.
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We set D(∇) := D(∇ˆ) and D0 := D(Dˆ). D0 is the usual spin Dirac operator. We see that
every geometric operator has the form
D = D(∇) + c(ia)
where ∇ is a metric connection on M and a ∈ Ω1(M). The connection ∇ is called nice if
D(∇) is nice. We denote by Anice(M) the space of nice connections on M .
Proposition 1.5. The connection ∇ with torsion T is nice if and only if trT † = 0.
Proof Note that
∇iej = ∇jei + Tij , ∀i, j (1.4)
and
divg(ei) = 0, ∀i. (1.5)
We have (at x0)
D∗ =
∑
k
∇ˆ∗kc(ek)∗ =
∑
k
∇˜kc(ek) =
∑
k
c(∇kek) +
∑
k
c(ek)∇ˆk = c
(∑
k
∇kek
)
+D.
Thus ∇ is nice if and only if
c
(∑
k
∇kek
)
= 0
We compute easily that
(∇jei)(ek) = −ei(∇jek) = −g(ei,∇jek) = −g(ei,∇kej + Tjk)
so that
∇jei = −
∑
k
g(ei,∇kej + Tjk)ek. (1.6)
Hence ∑
k
∇kek = −
∑
k
∑
i
g(ek,∇iek + Tki)ei
(g(ek,∇iek) = 0 at x0)
= −
∑
i
(∑
k
g(ek, Tki)
)
ei.
This concludes the proof of the proposition. 
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Proposition 1.6. Suppose that ∇ = D +A is a nice connection on TM . Then
D(∇) = D0 + 1
2
c(bA†) = D0 +
1
4
c(bT †).
Proof Observe that
∇ˆ = Dˆ − 1
4
∑
i,j,k
ek ⊗Aikjc(ei)c(ej) = Dˆ −
1
4
∑
i,j,k
ek ⊗Akjic(ei)c(ej)
so that
D(∇)−D0 = −1
4
∑
i,j,k
Akjic(e
k)c(ei)c(ej) =
1
4
∑
i,j,k
Akijc(e
k)c(ei)c(ej).
Since trA = 0 we deduce that the contributions corresponding to triplets (i, j, k) where two
entries are identical add up to zero. Hence
1
4
∑
i,j,k
Akijc(e
k)c(ei)c(ej) =
1
4
∑
i<j<k
(
(bA)ijk − (bA)jik
)
c(ei)c(ej)c(ek) =
1
2
c(bA). 
Corollary 1.7. Suppose D = D0 + c(̟), ̟ ∈ Ω3(M). Then
D = D(∇)
where ∇ = D +A, A† = 23̟. 
The above result can also be rephrased in the language of superconnections described
e.g. in [1]. Suppose ̟ ∈ Ω3(M). The operator d + c(̟) is a superconnection on the
trivial line bundle C. Taking the tensor product it with the connection Dˆ on S we obtain
a superconnection on S = C⊗ S
A̟ := ̟ ⊗ 1+ 1⊗ Dˆ : C∞(S)→ Ω∗(S).
The Dirac operator determined by this superconnection is
c ◦A̟ = D0 + c(ω).
Two connections ∇0,∇1 ∈ Anice(M) will be called Dirac equivalent if
D(∇ˆ0) = D(∇ˆ1).
The above results show that two connections ∇0 and ∇1 are Dirac equivalent if and only if
c(bT (∇0)†) = c(bT (∇1)†)⇐⇒ bT (∇1)† = bT (∇0)†.
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§1.2 Weitzenbo¨ck formulæ Suppose (E, h) is a Hermitian vector bundle over M . A
generalized Laplacian is a formally self-adjoint, second order partial differential operator
L : C∞(E)→ C∞(E) whose principal symbol satisfies
σL(ξ) = −|ξ|2g1E .
The following classical result is the basis of all the constructions in this section. We include
here a proof because of its relevance in the sequel.
Proposition 1.8. ([1, Sec. 2.1], [6, Sec. 4.1.2]) Suppose L is a generalized Laplacian
on E. Then there exists a unique hermitian connection ∇˜ on E and a unique selfadjoint
endomorphism R of E such that
L = ∇˜∗∇˜+R (1.7)
We will refer to this presentation of a generalized Laplacian as the Weitzenbo¨ck presentation
of L.
Proof Choose an arbitrary hermitian connection∇ on E. Then L0 = ∇∗∇ is a generalized
Laplacian so that L− L0 is a first order operator which can be represented as
L− L0 = A ◦ ∇+B
where
A : C∞(T ∗M ⊗ E)→ C∞(E)
is a bundle morphism and B is an endomorphism of E. We will regard A as an End (E)-
valued 1-form on M . Hence
L = ∇∗∇+A ◦ ∇+B. (1.8)
The connection ∇ induces a connection on End(E) which we continue to denote with ∇
∇ : C∞(End (E))→ Ω1(End (E)).
We define the divergence of A by
divg(A) := −∇∗A.
If (ei) is a local synchronous frame at x0 and, if A =
∑
iAie
i, then, at x0, we have
divg(A) =
∑
i
∇iAi.
Note that since (L− L0) =
∑
iAi∇i +B is formally selfadjoint we deduce
A∗i = −Ai, divg(A) = B −B∗. (1.9)
We seek a hermitian connection ∇˜ = ∇ + C , C ∈ Ω1(End (E)) and an endomorphism R
of E such that
∇˜∗∇˜+R = ∇∗∇+A ◦ ∇+B.
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We set Ci := ei C so that we have the local description
∇˜ =
∑
i
ei ⊗ (∇i + Ci), C∗i = −Ci, ∀i.
Then, as in [9], Example 9.1.26, we deduce that, at x0
∇˜∗∇˜ = −
∑
i
(∇i + Ci)(∇i + Ci)
(〈Ci〉2 := CiC∗i = −C2i )
= −
∑
i
∇2i −
∑
i
∇iCi − 2
∑
i
Ci∇i +
∑
i
〈Ci〉2
(〈C〉2 =∑i〈Ci〉2)
= ∇∗∇− 2C ◦ ∇ − divg(C) + 〈C〉2 = ∇∗∇+A ◦ ∇+B −R.
We deduce immediately that
C = −1
2
A, R = B − 1
2
divg(A)− 〈C〉2 (1.9)= 1
2
(B +B∗)− 1
4
〈A〉2. (1.10)
The proposition is proved. 
If D is a geometric Dirac operator on S then both D∗D and DD∗ are generalized Lapla-
cians. Suppose now that ∇ is a nice connection on our spin manifold (M,g). It determines
a nice Dirac operator D(∇). We denote by ∇w and respectively R∇ the Weitzenbo¨ck con-
nection and respectively remainder of the generalized Laplacian D(∇)2. A classical result
of Lichnerowicz states that if ∇ is the Levi-Civita connection then ∇w = ∇ˆ and R = s4 ,
where s is the scalar curvature of the Riemann metric g. When ∇ is not symmetric the
situation is more complicated. We will present some general formulæ describing ∇w and R.
D2 =
∑
i,j
c(ei)∇ˆic(ej)∇ˆj =
∑
i,j
c(ei)c(ej)∇ˆi∇ˆj +
∑
i,j
c(ei)c(∇iej)∇ˆj
= −
∑
i
∇ˆ2i +
∑
i<j
c(ei)c(ej)[∇ˆi, ∇ˆj ] +
∑
i,j
c(ei)c(∇iej)∇j
= ∇ˆ∗∇ˆ+
∑
i,j
c(ei)c(∇iej)∇j +
∑
i<j
Rˆijc(e
i)c(ej)
where
Rˆ =
∑
i<j
ei ∧ ejRˆij
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denotes the curvature of ∇ˆ. We need to better understand the quantity A (the coefficient
of the first order part of D2) which at x0 is defined as
A =
∑
i,j
ej ⊗ c(ei)c (∇iej) .
Using (1.6) we deduce
A =
∑
i,j
ej ⊗ c(ei)c(−
∑
k
〈ej ,∇kei + Tik〉ek)
= −
∑
i,j,k
ej ⊗ 〈ej ,∇kei〉c(ei)c(ek)−
∑
i,j,k
ej ⊗ 〈ej , Tik〉c(ei)c(ek)
=
∑
j
ej
∑
k
〈ej ,∇kek〉 −
∑
j
ej ⊗
∑
i 6=k
〈ej ,∇kei〉c(ei)c(ek)−
∑
j,i,k
ej ⊗ 〈ej , Tik〉c(ei)c(ek)
(〈ej ,∇kek〉 = −〈∇kej , ek〉 at x0, ∇kei −∇iek = Tki = −Tik)
= −
∑
j
ej
∑
k
〈∇kej , ek〉+
∑
j
ej ⊗
∑
i<k
〈ej , Tik〉c(ei)c(ek)
−2
∑
j
ej ⊗
∑
i<k
〈ej , Tik〉c(ei)c(ek)
(switch the order of summation in the first term)
= −
∑
k
(∑
j
〈∇kej , ek〉ej
)
−
∑
j
ej ⊗
∑
i<k
〈ej , Tik〉c(ei)c(ek)
=
∑
k
∇kek −
∑
j
ej ⊗
∑
i<k
〈ej , Tik〉c(ei)c(ek)
(
∑
k∇kek = 0)
= −1
2
∑
i,j,k
ej ⊗ 〈ej , Tik〉c(ei)c(ek) =: −α(T ).
We deduce
D
2 = ∇ˆ∗∇ˆ − α(T ) ◦ ∇ˆ+ c(Rˆ) (1.11)
where
c(Rˆ) :=
∑
i<j
c(ei)c(ej)Rˆij.
Using the equalities (1.10) we reach the following conclusion.
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Proposition 1.9. We have the Weitzenbo¨ck formula
D
2 = (∇w)∗∇w+R∇
where
∇w = ∇ˆ+ 1
2
α(T ) = ∇ˆ+ 1
4
∑
i,j,k
ei ⊗ Tijkc(ej)c(ek). (1.12)
R∇ = 1
2
(c(Rˆ) + c(Rˆ)∗)− 1
4
〈α(T )〉2, (1.13)
where T denotes the torsion of ∇ and Rˆ the curvature of ∇ˆ. 
Remark 1.10. Observe that ∇w is the connection on S induced by the nice connection
∇′ = ∇+A where A† = T †. Using (1.1) we deduce
T †(∇′) = T (∇)† −A† + bA† = bT (∇)†
The Weitzenbo¨ck remainder can be given a more explicit description. More precisely we
know from Proposition 1.6 that
D(∇) = D0 + 1
4
c(bT †).
We set ̟ := 14bT
†. As explained at the end of §1.1, D(∇) is the Dirac operator associated to
the superconnection Dˆ+̟. Using [2, Thm. 1.3] we deduce that the Weitzenbo¨ck remainder
of D2 is
R∇ = s
4
+ c(d̟) − 2‖̟‖2 = s
4
+
1
4
(
c(dbT †)− 1
2
‖bT †‖2
)
.
where ‖ • ‖ denotes the pointwise norm of a differential form and s denotes the scalar
curvature of g.
The following result summarizes the main facts we proved so far.
Theorem 1.11. Denote by Dspin the spin-Dirac operator induced by the Levi-Civita D,
Dspin = D(Dˆ). Any geometric Dirac operator D can be written as
D = Dspin + c(̟) + c(ia), a ∈ Ω1(M), ̟ ∈ Ω3(M).
Additionally, if ∇ = D + 23̟ + U , where U ∈ Ω2(T ∗M) is such that
trU = 0 = bU = 0
then
D = D(∇ˆ) + c(ia)
and
D(∇ˆ)2 = (∇w)∗∇w+R∇ + c(ida)
where
R∇ = 1
4
s(g) + (c(d̟) − 2‖̟‖2)
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The last theorem has an obvious extension where we replace S by the complex spinor
bundle Sσ determined by a spin
c-structure σ on M . This case requires the choice of a
hermitian connection on the line bundle det Sσ. In the spin case det S ∼= C and the additional
hermitian connection on the trivial line bundle is encoded by the imaginary 1-from ia
appearing in the statement of Theorem 1.11.
2 Dirac operators on almost-hermitian manifolds
§2.1 Basic differential geometric objects on an almost-hermitian manifolds In
this subsection we survey a few differential geometric facts concerning almost complex
manifolds. For more details we refer to [5, 7, 8] which served as sources of inspiration.
Consider an almost-hermitian manifold (M2n, g, J). Recall that this means that (M,g)
is a Riemann manifold and J is a skew-symmetric endomorphism of TM such that J2 = −1.
Fix x0 ∈ M and (e1, f1, · · · , en, fn) a local, oriented orthonormal frame of TM . We also
assume it is adapted to J that is
fj = Jej , ∀j = 1, · · · , n.
We denote by (e1, f1, · · · , en, fn) the dual coframe. Let i := √−1 and fix one such adapted
local frame. We split TM ⊗ C into ±i-eigen-subbundles of J , TM1,0 and T 0,1. These are
naturally equipped with hermitian metrics induced by g and have natural local unitary
frames near p0
TM1,0 : εk :=
1√
2
(ek − ifk), k = 1, · · · , n,
TM0,1 := ε¯k :=
1√
2
(ek + ifk), k = 1, · · · , n.
Form by duality T ∗M1,0 and T ∗M0,1 with local unitary frames given by
εk :=
1√
2
(ek + ifk), k = 1, · · · , n
and respectively,
ε¯k :=
1√
2
(ek − ifk), k = 1, · · · , n.
We have unitary decompositions
ΛmT ∗M ⊗ C =
⊕
p+q=m
Λp,qT ∗M, m = 0, · · · , 2n
where
Λp,qT ∗M := ΛpT ∗M1,0 ⊗ ΛqT ∗M0,1.
Set KM := Λ
n,0T ∗M . We denote by P p,q the unitary projection onto Λp,q and define
∂¯ : Ωp,q(M)→ Ωp,q+1(M), ∂¯ := P p,q+1 ◦ d
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and
∂ : Ωp,q(M)→ Ωp+1,q(M), ∂ := P p+1,q ◦ d.
Define dc : Ωp(M)→ Ωp+1(M) by
dcα(X0,X1, · · · ,Xp) = α(−JX0,−JX1, · · · ,−JXp).
The space Ω3(M)⊗ C splits unitarily as
Ω3 ⊗ C = Ω+ ⊕ Ω−,
where
Ω+ := Ω2,1 ⊕ Ω1,2, Ω− := Ω3,0 ⊕ Ω0,3.
Finally, introduce the involution M on Ω2(T ∗M) defined by
MB(X;Y,Z) = B(X;JY, JZ).
Observe that
ψ+ = bMψ+, ∀ψ+ ∈ Ω+.
We denote by Ω1,1(T ∗M) the 1-eigenspace of M and by Ω1,1s (T ∗M) the intersection of ker b
to Ω1,1(T ∗M). Thus
A ∈ Ω1,1s (T ∗M)⇐⇒ A = MA, bA = 0.
The Nijenhuis tensor N ∈ Ω2(TM) is defined by
N(X,Y ) :=
1
4
([JX, JY ]− [X,Y ]− J [X,JY ]− J [JX, Y ]), ∀X,Y ∈ Vect (M).
Notice that N(JX, Y ) = N(X,JY ) = −JN(X,Y ). This implies immediately that trN † =
0.
We denote by D the Levi-Civita connection determined by the metric g and by ω the
fundamental two form defined by
ω(X,Y ) = g(JX, Y ), ∀X,Y ∈ Vect (M).
Locally we have
ω = i
∑
j
εj ∧ ε¯j .
The Lee form θ determined by (g, J) is defined by
θ = Λ(dω) = −JΛ((dcω)+),
where Λ denotes the contraction by ω, Λ = (ω∧ )∗, and J acts on the 1-form α by
Jα(X) = −α(JX), ∀X ∈ Vect (M).
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We have the following identity
g((DXJ)Y,Z) = −1
2
dω(X,JY, JZ) +
1
2
dω(X,Y,Z) + 2g(N(Y,Z), JX). (2.1)
The form ω determines the skew-symmetric part of N † via the identity
bN † = (dcω)−.
The almost complex structure defines a Cauchy-Riemann operator
∂¯J : C
∞(TM1,0)→ Ω0,1(TM1,0)
defined by
X ∂¯JY = [X,Y ]
1,0, ∀X ∈ C∞(TM0,1), Y ∈ C∞(TM1,0).
A Hermitian connection on TM is a metric connection∇ such that∇J = 0. A Hermitian
connection ∇ is completely determined ψ+ := 13(bT †)+ and B := (T †)1,1s via the equality
(see [5, Sec. 2.3])
T (∇)† = N † + 1
8
(dcω)+ − 3
8
M(dcω+) +
9
8
ψ+ − 3
8
Mψ+ +B.
We will denote the above connection by ∇(ψ+, B). When B = 0 we write ∇(ψ+) instead
of ∇(ψ+, B). Observe that if T is the torsion of ∇(ψ+, B) then
bT † = bN † + 3ψ+ = (dcω)− + 3ψ+ = bN † + 3ψ+.
Using the formulæ [5, (1.3.5), (1.4.9)] and the equality ψ+ = bMψ+, ∀ψ+ ∈ Ω+ we deduce
that
trMψ+ = −2JΛψ+, ∀ψ+ ∈ Ω+(M).
Since trN † = 0 we deduce that the trace of the torsion of ∇(ψ+, B)
trT
(∇(ψ+, B) ) = trB + 3
4
JΛ
(
(dcω)+ + ψ+
)
= trB − 3
4
θ +
3
4
JΛψ+.
Example 2.1. The first canonical connection (see [5, Sec. 2.5] or [8]) is the Hermitian
connection ∇0 defined by B = 0 and
bT
†
0 = (d
cω)− − (dcω+)
so that ψ+ = −13(dcω)+. Its torsion is
T
†
0 = N
† − 1
4
(
(dcω)+ +M(dcω)+
)
.
In general, it is not a nice connection since trT †0 = −12θ.
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Example 2.2. The Chern connection or the second fundamental connection, [5, 8], is the
unique Hermitian connection ∇ on TM such that
∇0,1 = ∂¯J .
We will denote it by ∇c. Alternatively (see [5, Sec. 2.5]), it is the hermitian connection
defined by B = 0 and bT † = (dcω)− + (dcω)+, i.e it is determined by ψ+ = 13 (d
cω)+. Its
torsion is given by
T †c = N
† +
1
2
(
(dcω)+ −M(dcω)+
)
.
In general, it is not a nice connection since trT †c = −θ.
§2.2 The Hodge-Dolbeault operator The almost hermitian manifoldM is equipped
with a canonical spinc structure and the associated complex spinor bundle is
Sc := Λ
0,∗T ∗M =
⊕
p≥0
Λ0,pT ∗M.
Note that det Sc = K
−1
M . The Chern connection induces a hermitian connection det∇c
on K−1M and we denote by Dc the geometric Dirac operator induced by the Levi-Civita
connection D and the connection det∇c.
If M is spinnable, then a choice of spin structure is equivalent to a choice of a square
root of KM and in this case Sc := S⊗K−1/2M .
The bundle Sc has a natural Dirac type operator, the Hodge-Dolbeault operator
HJ :=
√
2(∂¯ + ∂¯∗) : C∞(SJ)→ C∞(SJ).
We have the following result [2, Thm.2.2] and [5, Sec.3.6].
HJ = Dc − 1
4
{
c
(
(dcω)+
)− c((dcω)−)}.
Using Theorem 1.11 we deduce that HJ is a geometric Dirac operator, more precisely HJ
is induced by ∇̂ ⊗ 1+ 1⊗ det∇c, where ∇ is the connection
∇ = D − 1
6
((dcω)+ − (dcω)−)
with torsion
T † =
1
3
(dc(ω)− − (dcω)+).
A stronger result is true. Using the results in the previous subsection we deduce the following
result.
Theorem 2.3. For every B ∈ Ω1,1s (T ∗M) such that trB = 12θ there exists a Hermitian
connection ∇b = ∇b(B) uniquely determined by the following conditions.
(i) ∇b is nice.
(ii) ∇b is Dirac equivalent to ∇0.
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Proof Since ∇b = ∇(ψ+, B) is strongly Dirac equivalent to ∇ we deduce that its torsion
satisfies
bTb = (d
cω)− − (dcω)+.
Thus we need to choose ψ+ = −13(dcω)+. Now observe that
0 = trT †b = trB −
1
2
θ = 0, 
Definition 2.4. We will refer to any of the connections ∇b constructed in Theorem 2.3 as
a basic connection determined by an almost Hermitian structure.
The torsion of a basic connection ∇b(B) is
T
†
b = N
† − 1
4
(
(dcω)+ +M(dcω)+
)
+B.
Observe also that the first and second fundamental connection coincide of an almost Ka¨hler
structure coincide and they are both basic. They are precisely the connections used by
Taubes, [13], to analyze the Seiberg-Witten monopoles on a symplectic manifold.
For any basic connection ∇b we have the following identities ([5, Sec. 3.5])
(∂¯φ)(Z0, Z1, · · · , Zp) =
p∑
j=0
(−1)j∇bZjφ(Z0, · · · , Zˆj , · · · , Zp), (2.2a)
∂¯∗φ(Z1, · · · , Zp−1) = −
n∑
i=1
(
ei ∇beiφ+ fj ∇bfiφ
)
(Z1, · · · , Zp−1), (2.2b)
∀Z0, · · · , Zp ∈ C∞(T 0,1M), φ ∈ Ω0,p(M).
3 Dirac operators on contact 3-manifolds
§3.1 Differential objects on metric contact manifolds We review a few basic
geometric facts concerning metric contact manifolds. For more details we refer to [3, 12].
A metric contact manifold (m.c. manifold for brevity) is an oriented manifold of odd
dimension 2n+ 1 equipped with a Riemann metric g and a 1-form η such that
• |η(x)|g = 1, ∀x ∈ M . Denote by ξ ∈ Vect (M) the metric dual of η and set V := ker η ⊂
TM . V is a hyperplane sub-bundle of TM and we denote by PV the orthogonal projection
onto V .
• There exists J : TM → TM such that
dη(X,Y ) = g(JX, Y ), ∀X,Y ∈ Vect (M).
and
J2X = −X + η(X)ξ, ∀X ∈ Vect (M).
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Definition 3.1. A contact metric connection on (M2n+1, η, J, g) is a metric conection
such that ∇J = 0 = ∇ξ.
The manifold M is called positively oriented if the orientation induced by the nowhere
vanishing (2n + 1)-form η ∧ (dη)n coincides with the given orientation of M . In this case
dvg =
1
n!
η ∧ (dη)n
Set ω := dη. The metric g is completely determined by η and J via the equality
g(X,Y ) = η(X)η(Y ) + dη(X,JY ) = η(X)η(Y ) + ω(X,JY ).
We have decompositions
V ⊗ C = V 1,0 ⊕ V 0,1, V ∗ ⊗C = (V ∗)1,0 ⊕ (V ∗)0,1
and we set
KM := det(V
∗)1,0.
Set Φ := LξJ . The operator Φ is a traceless, symmetric endomorphism of V (see [3]). Since
Lξ(J
2) = 0 we deduce
JΦ+ ΦJ = 0 =⇒ (JΦ)∗ = (JΦ) (3.1)
Define the Nijenhuis tensor N ∈ Ω2(TM) by
N(X,Y ) =
1
2
{
J2[X,Y ] + [JX, JY ]− J [X,JY ]− J [JX, Y ]
}
.
Notice that
N(ξ,X) = −1
2
JΦX, ∀X ∈ Vect(M).
(M,g, η) is a Cauchy-Riemann manifold (CR for brevity) if and only if JN(X,Y ) = 0,
∀X,Y ∈ C∞(V ). Equivalently, this means, and
N(X,Y ) + ω(X,Y )ξ = −J2N(X,Y ) = 0, ∀X,Y ∈ C∞(V ).
In this case, the Nijenhuis tensor can be given the more compact description
N † =
1
2
JΦ ∧ η − η ⊗ dη.
In particular, M is a CR manifold when dimM = 3. Arguing exactly as in [3, p.53] we
obtain the following result.
Proposition 3.2. If D denotes the Levi-Civita connection of (M,g) then
g
(
(DXJ)Y,Z
)
= g
(
JX,N(Y,Z)
)
+
1
2
(η ∧ dη)(JX, Y, Z).
∀X,Y,Z ∈ Vect (M).
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To each metric contact manifold M we can associate an almost Hermitian manifold
(Mˆ , gˆ, Jˆ) defined as follows.
Mˆ = R×M, gˆ = dt2 + g, Jˆ∂t = ξ,
We will denote by dˆ the exterior differentiation on Mˆ . If we set
ωˆ(X,Y ) = gˆ(JˆX, Y ), ∀X,Y ∈ Vect (Mˆ )
then ωˆ = dt ∧ η + ω and dˆωˆ = −dt ∧ ω. We deduce that the Lee form θ = Λ(−dt ∧ dη) is
−ndt. We will work with local, oriented orthonormal frames (e0, f0, e1, · · · , en, fn) adapted
to Jˆ such that
e0 = ∂t, f0 = ξ, e
0 = dt f0 = η
ωˆ = iε0 ∧ ε¯0 + i
n∑
k=1
εk ∧ ε¯k, dˆωˆ = − i√
2
(ε0 + ε¯0) ∧
n∑
k=1
εk ∧ ε¯k.
Hence
dˆcωˆ = − 1√
2
(ε0 − ε¯0) ∧
n∑
k=1
εk ∧ ε¯k = −η ∧ dη
so that (bNˆ †) = (dˆcωˆ)− = 0. We have the following result, [3].
Proposition 3.3.
Nˆ(X,Y ) =
1
2
N(X,Y ) +
1
2
ω(X,Y )ξ, ∀X,Y ∈ Vect (M),
Nˆ(∂t,X) =
1
4
ΦX, ∀X ∈ Vect (M).
Observe that Nˆ † |M= 12N † + 12η ⊗ dη so that
0 = bNˆ † |M= 1
2
bN † +
1
2
b(η ⊗ dη) = 1
2
bN † +
1
2
η ∧ dη.
Hence
bN † = −η ∧ dη.
We want to find B ∈ Ω1,1s (T ∗Mˆ) such that trB = −n2dt and the basic connection it induces
on T ∗Mˆ is compatible with the splitting ∂t ⊕ TM . The torsion of such a connection is
Tˆ
†
b = Nˆ
† − 1
4
(
(dˆcωˆ)+ +M(dˆcωˆ)+
)
+B
= Nˆ † +
1
4
(η ∧ ω +M(η ∧ ω)
)
+B.
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Thus bT †b = η ∧ dη. Using Proposition 1.2 we deduce that ∇b = D +A where
A
†
b =
1
2
bT
†
b − T †b =
1
4
(
η ∧ dη −M(η ∧ dη)
)
− Nˆ † −B.
Thus, for all X,Y ∈ Vect (M) which are t-independent we have
gˆ(∇btX,Y ) = A†b(∂t;X,Y )
Since
B(∂t; •, •) = 0 and gˆ(Nˆ(X,Y ), ∂t) = 0, ∀X,Y ∈ Vect (M).
we deduce
gˆ(∇btX,Y ) = −
1
4
M(η ∧ dη)(∂t;X,Y ) = 0.
Similarly, we deduce
gˆ(∇btX, ∂t) = A†b(∂t;X, ∂t) = 0.
Thus
∇btZ = 0, ∀Z ∈ Vect (M).
Since ∇b is a metric connection we deduce
gˆ(∇b•∂t, ∂t) = 0.
On the other hand, ∀X,Y ∈ Vect(M) we have
gˆ(∇bX∂t, Y ) = A†b(X; ∂t, Y )
= −1
4
Mη ∧ dη(X, ∂t, Y )− gˆ(Nˆ(∂t, Y ),X) −B(X; ∂t, Y )
=
1
4
g(XV , YV )− 1
4
g(ΦY,X)−B(X; ∂t, Y ),
where XV = PVX, Y = PV Y . Next, ∀X,Y ∈ Vect(M), we have
gˆ(∇bXY, ∂t) = A†b(X;Y, ∂t) = −
1
4
Mη ∧ dη(X;Y, ∂t)− gˆ(Nˆ (Y, ∂t),X) −B(X;Y, ∂t)
= −1
4
g(XV , YV ) +
1
4
g
(
ΦY,X
)−B(X;Y, ∂t).
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Lemma 3.4. There exists B0 ∈ Ω1,1s (T ∗Mˆ) such that trB = −n2dt and
B(∂t; •, •) = 0. (3.2a)
B(X;Y, ∂t) =
1
4
g(X,ΦY )− 1
4
g(XV , YV ), ∀X,Y ∈ Vect (V ). (3.2b)
Proof Define
B =
1
4
(Φ ∧ dt+ JΦ ∧ η)− 1
4
(PV ∧ dt+ JPV ∧ η) + 1
2
η ⊗ dη
and we set
B0 =
1
4
(Φ ∧ dt+ JΦ ∧ η), B1 = −1
4
(PV ∧ dt+ JPV ∧ η).
We need to show that this definition is correct, i.e. the above B satisfies all the required
conditions (3.2a), (3.2b) and
trB = −n
2
dt, bB = 0
B ∈ Ω1,1(T ∗M).
Here the elementary properties in Lemma 1.1 will come in handy. Since Φ and JΦ are
symmetric and traceless we deduce that
trB0 = 0, bB0 = 0.
The condition B0 ∈ Ω1,1 follows from the identity φJ = −JΦ. Now observe that B1 ∈ Ω1,1
and
bB1 = −1
2
η ∧ dη, trB1 = −n
2
dt.
Finally η ⊗ dη ∈ Ω1,1, it is traceless and
b(η ⊗ dη) = η ∧ dη.
The condition (3.2b) follows by direct computation. The Lemma follows putting together
the above facts. 
If we choose B as in Lemma 3.4 we deduce
gˆ(∇b•X, ∂t) =, ∀X ∈ Vect (M).
The above computations show that the basic connection ∇b of (Mˆ, gˆ, Jˆ) determined by
B0 preserves the orthogonal splitting TMˆ = 〈∂t〉 ⊕ TM and thus induces a nice contact
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metric connection ∇w on TM . We will call ∇w the generalized Webster connection of M
for reasons which will be explained below. To compute its torsion observe that
Nˆ † |M= 1
2
{
N † + η ⊗ dη
}
,
and M(η ∧ dη) |M= η ⊗ dη. Finally
B |M= 1
4
(JΦ) ∧ η − 1
4
JPV ∧ η + 1
2
η ⊗ dη.
Since on M we have the equality JPV = J , the torsion Tw of ∇w given by
T †w =
1
2
N † +
5
4
η ⊗ dη + 1
4
η ∧ dη + 1
4
(JΦ− J) ∧ η (3.3)
Moreover, bTw = η ∧ dη.
Suppose now that M is a CR-manifold. Then
N † =
1
2
JΦ ∧ η − η ⊗ dη
and thus
T †w =
3
4
η ⊗ dη + 1
4
η ∧ dη − 1
4
(J ∧ η) + 1
2
JΦ ∧ η.
We deduce
Tw(X,Y ) = dη(X,Y )ξ, ∀X,Y ∈ Vect (V ).
In particular, because the distribution V 1,0 is integrable we deduce
Tw(X,Y ) = 0, ∀X,Y ∈ C∞(V 1,0).
A contact metric connection with the above property will be called a CR metric connection.
Next observe that for X,Y ∈ C∞(V ) we have
g(X,Tw(ξ, Y )) = T
†(X, ξ, Y ) = −1
4
dη(X,Y ) +
1
4
g(JX, Y ) +
1
2
g(JΦX,Y ).
Hence
Tw(ξ, Y ) =
1
2
JΦY.
Since ΦJ = −JΦ we deduce
JTw(ξ,X) = −Tw(ξ, JX)
Using [12, Prop. 3.1], we deduce that when M is a Cauchy-Riemann manifold, the connec-
tion ∇w on (V, J) is the Tannaka-Webster connection determined by the CR structure (see
[4, 11, 12, 14] for more details). The generalized Webster connection we have constructed
does not agree with the generalized Tannaka connection constructed by S.Tanno in [12]
because that connection is not compatible with J if M is not a CR-manifold.
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Finally let us point out that when M is a CR manifold then
g(∇wξ X,Y ) = g(DξX,Y ) +
1
2
bT †w(ξ,X, Y )− T †w(ξ;X,Y ) = g(DξX −
1
2
JX, Y )
so that
∇wξ = DVξ := PVDξ −
1
2
J.
Example 3.5. We consider in great detail the special case of a metric, contact, spin 3-
manifold M . M is automatically a CR-manifold so that the torsion of the (geberalized)
Webster connection satisfies
Tw(X,Y ) =
1
2
dη(X,Y )ξ, Tw(ξ,X) =
1
2
JΦX, ∀X,Y ∈ C∞(V )
bT †w = η ∧ dη.
The spin Dirac operator D0 on M is related to the Dirac operator D(∇w) by the equality
D(∇w) = D0 + 1
4
c(bT †) = D0 +
1
4
c(η ∧ dη) = D0 − 1
4
.
When M is Sasakian, i.e. Φ = 0, the above equality shows that D(∇w) coincides with the
adiabatic Dirac operator introduced in [10] (see in particular [10, Eq.(2.20)] with λ = 12 ,
δ = 1).
Later on we will need to compare the connections det∇c and det∇b induced by the
Chern connection ∇c and respectively ∇b on K−1
Mˆ
.
Proposition 3.6.
det∇c = det∇b + ni
2
η.
Proof Denote by ∇0 the first fundamental connection of (Mˆ , Jˆ). We have
∇b = ∇0 −B,
where B is described in Lemma 3.4. Set δ := ε0 ∧ ε1 ∧ · · · ∧ εn. Then for every vector field
X on Mˆ we have
det∇bXδ = det∇0Xδ −BXδ
Observe that
BXε
k =
n∑
j=0
C
j
kεj
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so that BXδ = (
∑n
j=0C
k
k )δ. On the other hand, C
k
k = gc(BXεk, ε¯k) where gc denotes the
complex bilinear extension of g.
Ckk =
1
2
gc
(
BX(ek − ifk) , ek + ifk
)
= ig(BXek, Jek) + ig(BXfk, Jfk)
Thus ∑
k
Ckk = −i
n∑
k=0
(
g(JBXek, ek) + g(JBXfk, fk)
)
= −i tr JBX . (3.4)
The equality
B =
1
4
{
(Φ + PV ) ∧ dt− (JΦ+ JPV ) ∧ η
}
+
1
2
η ⊗ dη
so that
gˆ(BXY, JY ) =
1
4
{
gˆ(ΦX,Y )dt(JY )− gˆ(JΦX,Y )η(JY )
}
+
1
4
{
gˆ(PVX,Y )dt(JY )− gˆ(JPVX,Y )η(JY )
}
+
1
2
η(X)dη(Y, JY ).
We see that tr JBX 6= 0 only if X = ξ in which case shows that the sum (3.4) is n. Hence
∇bδ = ∇0δ − inη.
On the other hand we have the identity, [5, Eq. (2.7.6)],
det∇c = det∇0 + i
2
Jθ = det∇0 − ni
2
Jdt = det∇b + ni
2
η. 
Corollary 3.7.
F (det∇c) = F (det∇b) + ni
2
dη. 
§3.2 Geometric Dirac operators on contact manifolds Consider the Hodge-Dolbeault
operator Hˆ on Mˆ
Hˆ =
√
2(∂¯ + ∂¯∗) : Ω0,∗(Mˆ)→ Ω0,∗(Mˆ).
It is a geometric Dirac operator and it is
Hˆ =
√
2
n∑
k=0
(cˆ(εk)∇ˆεk + cˆ(ε¯)∇ˆε¯k)
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where cˆ denotes the Clifford multiplication on Sˆc ∼= Λ0,∗T ∗Mˆ , ∇ˆ = ∇ˆb ⊗ 1 + 1 ⊗ det∇c,
and det∇c denotes the Hermitian connection on K−1
Mˆ
induced by the Chern connection on
ˆTM . More precisely
cˆ(ε¯k) =
√
2ε¯k ∧ •, cˆ(εk) = −
√
2εk • .
Above, εk • denotes the odd derivation of Ω0,∗(Mˆ ) uniquely determined by the requirements
εk ε¯j = δkj , ∀j, k = 0, · · · n.
We want to point out that
(ε¯k∧)∗ = εk .
We set
J := cˆ(dt) = 1√
2
cˆ(ε0) + cˆ(ε¯0)), Sc := Sˆ
+
c |0×M .
Note that
Sˆc |M∼= Sc ⊕ J Sc.
The metric contact structure on M produces a U(n)-reduction of the tangent bundle TM
which in general has only a SO(2n + 1)-structure. This U(n)-reduction induces a spinc
structure on M and Sc is the associated bundle of complex spinors and
det Sc ∼= K−1M .
The Clifford multiplication on Sc is defined by the equality
c(α) = J cˆ(α), ∀α ∈ Ω1(M).
Along M we can identify Sˆ−c with J S+c and as such J we can write.
J =
[
0 −G∗
G 0
]
, GG∗ = G∗G = 1Sc .
We can view the Hodge-Dolbeault operator as an operator on Sc ⊕ Sc
Hˆ = J
(
∇ˆbt −
[ H 0
0 −GHG∗
])
, H∗ = H.
H is the geometric Dirac operator induced by ∇ˆw ⊗ 1+ 1⊗ det∇c. We want to provide a
more explicit description of the operator H. Observe that
C∞(Sˆ+c ) = Ω
0,even(Mˆ) = Ω0,even(V ∗)⊕ ε¯0 ∧ Ω0,odd(V ∗)
where
Ω0,p(V ∗) := C∞(Λp(V ∗)0,1).
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We can represent ψ ∈ C∞(Sˆ+c ) as a sum
ψ = ψ+ ⊕ ε¯0 ∧ ψ−, ψ+ ∈ Ω0,even(V ∗), ψ− ∈ Ω0,odd(V ∗).
The above decomposition can be alternatively described as follows. The operator
c(η) = J cˆ(η) : C∞(Sˆ+c )→ C∞(Sˆ+c )
satisfies c(η)2 = −1 and thus c(iη) is an involution of C∞(Sˆ+c ). More explicitly
c(η) =
i
2
(cˆ(ε¯0) + cˆ(ε0))(cˆ(ε¯0)− cˆ(ε0) = i(ε¯0 ∧ − ε0 )(ε¯0 ∧ + ε0 ).
Thus, for every φ ∈ Ω0,∗(V ∗) we have
c(iη)(ε¯0 ∧ φ) = −ε¯0 ∧ φ, c(−iη)φ = φ
This shows that the above decomposition is defined by the ±1 eigenspaces of the involution
c(η). The restriction of the operator ∂¯ : Ω0,∗(Mˆ) → Ω0,p(Mˆ) to Ω0,∗(V ∗) decomposes into
two parts. More precisely, if φ ∈ Ω0,∗(V ∗) then
∂¯φ = ε¯0 ∧ ∂¯0φ+ ∂¯V φ := 1
2
(1 + c(iη))∂¯ +
1
2
(1− c(iη))∂¯ .
Note that
∂¯0φ := ε
0 ∂¯φ ∈ Ω0,p(V ∗), ∂¯V ∈ Ω0,p+1(V ∗).
We will regard ∂¯0 and ∂¯V as operators
∂¯0 : Ω
0,∗(V ∗)→ Ω0,∗(V ∗), ∂¯V : Ω0,∗(V ∗)→ Ω0,∗+1(V ∗).
Pick a t-independent section ψ = C∞(Sˆ+c ). It decomposes as
ψ = ψ+ + ε¯
0 ∧ ψ−, ψ± ∈ Ω0,even/odd(V ∗).
We have the equality
Hˆ
[
ψ
0
]
= −
[
0 −G∗
G 0
] [ H 0
0 −GHG∗
] [
ψ
0
]
=
[
0 HG∗
GH 0
] [
ψ
0
]
Thus
√
2(∂¯ + ∂¯∗)ψ = GHψ = cˆ(dt)Hψ =⇒Hψ = −
√
2J (∂¯ + ∂¯∗)ψ.
We compute
(∂¯ + ∂¯∗)(ψ+ + ε¯0 ∧ ψ−) = ∂¯ψ+ + (∂¯ε¯0) ∧ ψ− − ε¯0 ∧ ∂¯ψ− + ∂¯∗ψ+ + ∂¯∗(ε¯0 ∧ ψ−)
(∂¯ε¯0 = 0)
= ε¯0 ∧ ∂¯0ψ+ + ∂¯V ψ+ − ε¯0 ∧ ∂¯V ψ− + (ε¯0 ∧ ∂¯0 + ∂¯V )∗ψ+ + ∂¯∗(ε¯0 ∧ ψ−)
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= ε¯0 ∧ (∂¯0ψ+ − ∂¯V ψ−) + ∂¯V ψ+ + ∂¯∗V ψ+ + ∂¯∗0(ε0 ψ+) + ∂¯∗(ε¯0 ∧ ψ−)
= ε¯0 ∧ (∂¯0ψ+ − ∂¯V ψ−) + ∂¯V ψ+ + ∂¯∗V ψ+ + ∂¯∗(ε¯0 ∧ ψ−).
To proceed further we need to provide a more explicit description for ∂¯∗(ε0 )∗ψ−. We
denote by 〈•, •〉M the L2-inner product onM . For every t-independent compactly supported
α ∈ Ω0,odd(Mˆ ) we have α = α− + ε¯0 ∧ α+, α± ∈ Ω0,odd/even(V ∗), and
〈α, ∂¯∗(ε¯0 ∧ φ−)〉M = 〈∂¯α, ε¯0 ∧ φ−〉M = 〈ε¯0 ∧ ∂¯0α−, ε¯0 ∧ φ−〉M − 〈ε¯0 ∧ ∂¯V α+, ε¯0 ∧ φ−〉M
= 〈∂¯0α−, φ−〉M − 〈∂¯V α+, φ−〉M = 〈α−, ∂¯∗0φ−〉M − 〈α+, ∂¯∗V φ−〉M
We conclude
∂¯∗(ε¯0 ∧ φ−) = ∂¯∗0φ− − ε¯0 ∧ ∂¯∗V φ−,
and
(∂¯ + ∂¯∗)(ψ+ + ε¯0 ∧ ψ−) = ε¯0 ∧ (∂¯0ψ+ − ∂¯V ψ− − ∂¯∗V φ−) + ∂¯V ψ+ + ∂¯∗V ψ+ + ∂¯∗0φ−.
Now observe that
cˆ(dt)• = 1√
2
(cˆ(ε¯0) + cˆ(ε0))• = (ε¯0 ∧ • − ε0 •)
so that
Hψ = −
√
2(ε0 −ε¯0∧)
{
ε¯0 ∧ (∂¯0ψ+ − ∂¯V ψ− − ∂¯∗V φ−) + ∂¯∗V ψ+ + ∂¯V ψ+ + ∂¯∗0ψ−
}
= −
√
2
{
(∂¯0ψ+ − ∂¯V ψ− − ∂¯∗V φ−)− ε¯0 ∧ (∂¯∗V ψ+ + ∂¯V ψ+ + ∂¯∗0ψ−)
}
.
In block form
H
[
ψ+
ψ−
]
=
√
2
 −∂¯0 (∂¯∗V + ∂¯V )
(∂¯∗V + ∂¯V ) ∂¯
∗
0
 · [ ψ+
ψ−
]
The above equality can be further simplified as follows. If φ ∈ Ω0,p(V ∗) ⊂ Ω∗(M)⊗C then
dφ ∈ η ∧
(
Ω0,p(V ∗) + Ω1,p−1(V ∗)
)
⊕ Ω0,p+1(V ∗)⊕ Ω1,p(V ∗)⊕Ω2,p−1(V ∗).
and
−
√
2∂¯0φ = −i(ξ dφ)0,p =: −iLVξ φ.
On the other hand, the identity (2.2a) implies
∂¯0φ = ∇bε¯0φ =
i√
2
∇wξ φ.
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Since divgξ = 0 the operator i∇wξ is symmetric and so must by iLVξ . Hence ∂¯∗0φ = iLVξ and
H
[
ψ+
ψ−
]
=
 −iLVξ
√
2(∂¯∗V + ∂¯V )
√
2(∂¯V + ∂¯
∗
V ) iL
V
ξ
 · [ ψ+
ψ−
]
or equivalently,
H = c(iη)LVξ +
 0
√
2(∂¯V + ∂¯
∗
V )
√
2(∂¯∗V + ∂¯
∗
V ) 0
 . (3.5)
We will refer to H as the contact Hodge-Dolbeault operator. The next result summarizes
the results we have proved so far.
Theorem 3.8. Suppose (M2n+1, g, η) is a metric contact manifold, V := ker η. Denote by
Sc the bundle of complex spinors associated to the spin
c structure determined by the contact
structure. Denote the corresponding Clifford multiplication by c.
(i) Sc ∼= Λ0,∗V ∗, c(iη)φ = (−1)pφ, ∀φ ∈ Ω0,p(V ∗). We decompose
Sc = S
+
c ⊕ S−c , S±c = Λ0,even/odd(V ∗).
(ii) The operator H : C∞(Sc) → C∞(Sc) defined by (3.5) is a geometric Dirac operator
induced by the connection ∇w on TM and det∇c on detSc.
(iii) If we denote by Dc the Dirac operator on Sc induced by the Levi-Civita connection on
TM and det∇c on detSc then
H = Dc + 1
4
c(η ∧ dη).
(iv) Using the identity F (det∇c) = F (det∇w)+ni2 dη, we deduce that H satisfies a Weitzenbo¨ck
formula
H2 = (∇w)∗(∇w) + s(g)
4
+
1
16
(
4c(dη ∧ dη) − 2n
)
+
1
2
c(F (det∇w)) + ni
4
c(ω).
In particular, if dimM = 3 (so that n = 1 and c(η ∧ dη) = −1) we have
Dc = H + 1
4
,
H2 = (∇w)∗(∇w) + s
4
− 1
8
+
1
2
c(F (det∇w)) + i
4
c(dη).
We want to discuss in more detail the case dimM = 3. In this case Λ0,evenV ∗ ∼= C and
Λ0,odd(V ∗) ∼= K−1M . The above geometric Dirac operator has the simpler form
H2 = c(iη)Lξ +
 0
√
2∂¯∗V
√
2∂¯V 0
 = √2
 −∂¯0 ∂¯∗V
∂¯V ∂¯
∗
0

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=
√
2
 −∂¯0 0
0 ∂¯∗0
+√2

0 ∂¯∗V
∂¯V 0
 =: Z + T.
Note that along M we have ∂¯0 =
i√
2
∂ξ. We have H2 = Z2 + T 2 + {Z, T}, where {•, •}
denotes the anti-commutator of two operators. In this case
{Z, T} = 2
 0 [∂¯0, ∂¯V ]∗
[∂¯0, ∂¯V ] 0
 .
The above commutators can be further simplified using the identity (2.2a) of §2.1. In this
case the Lee 1-form on Mˆ is dt. The equality (2.2a) implies that for every t-independent
φ ∈ Ω0,∗(V ∗) ⊂ Ω0,∗(Mˆ) we have
∂¯φ(ε¯k0 , · · · , ε¯kp) =
p∑
j=0
(−1)j∇bε¯kjφ(ε¯k0 , · · · , ̂¯εkj , · · · ε¯kp) = ( p∑
k=0
ε¯k ∧ ∇bε¯k
)
φ.
Thus
∂¯0φ = ∇bε¯0φ, ∂¯V φ =
( p∑
k=1
ε¯k ∧ ∇bε¯k
)
φ.
When dimM = 3 and φ = u ∈ Ω0,0(V ∗) = C∞(M)⊗ C we have
[∂¯0, ∂¯V ]u = ∇bε¯0(ε¯1 ∧ ∇bε¯1u)− ε¯1 ∧∇bε¯1∇bε¯0u
= (∇bε¯0 ε¯1) ∧ ∇bε¯1u+ ε¯1 ∧ [∇bε¯0 ,∇bε¯1 ]u = (∇bε¯0 ε¯1) ∧ ∇bε¯1u+ ε¯1 ∧ ∇b[ε¯0,ε¯1]u+ ε¯1 ∧ Fb(ε¯0, ε¯1)u,
where Fb denotes the curvature of the ∇b. Denote by Tb the torsion of ∇b. Observe that
∇bε¯0 ε¯1(ε¯1) = −ε¯1(∇bε¯0 ε¯1)
so that
(∇bε¯0 ε¯1) ∧∇bε¯1u+ ε¯1 ∧ ∇b[ε¯0,ε¯1]u = −ε¯1 ∧∇b∇bε¯0 ε¯1u+ ε¯
1 ∧ ∇b[ε¯0,ε¯1]u
(∇bε¯0 = 0)
= −ε¯1 ∧ (∇b∇bε¯0 ε¯1 −∇
b
∇bε¯1 ε¯0
−∇b[ε¯0,ε¯1])u = ε¯1 ∧ ∇bTw(ε¯1,ε¯0)u =
i√
2
ε¯1 ∧ ∇wTw(ε¯1,ξ)u
= − i
2
√
2
ε¯1 ∧ ∇bJΦε¯1u =
i
2
√
2
ε¯1 ∧∇bΦJε¯1u
(Jε¯− 1 = −iε¯1)
=
1
2
√
2
ε¯1 ∧ ∇bΦε¯1u =
1
2
√
2
Φc
(
∂V u
)
=: Tu.
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where Φc is the complexification
2 of Φ. The differential operator by T is trivial when Φ = 0,
which in the 3-dimensional case is equivalent to M being Sasakian or to Jˆ being integrable.
Putting together all the above facts we obtain
[∂¯0, ∂¯V ] = ε¯
1 ∧ Fb(ε¯0, ε¯1) + T.
We conclude
{Z, T} = 2
 0 Fb(ε¯0, ε¯1)ε1
ε¯1 ∧ Fb(ε¯0, ε¯1) 0
+ 2T˜, T˜ :=
 0 T∗
T 0
 .
The zero order operator above can be further simplified by observing that
c(ε¯1) =
√
2
[
0 0
ε¯1∧ 0
]
, c(ε1) =
√
2
[
0 −ε1
0 0
]
so that  0 Fb(ε¯0, ε¯1)ε1
ε¯1 ∧ Fb(ε¯0, ε¯1) 0
 = 1√
2
c
(
Fb(ε¯0, ε¯
1)ε¯1 − Fb(ε¯0, ε¯1)ε1
)
=
i
2
c
(
Fw(ξ, ε¯1)ε¯
1 + Fw(ξ, ε¯1)ε
1
)
Above we denoted by Fw the curvature of ∇w as a connection on the hermitian line bundle
(V, J) ∼= K−1M . To get a more suggestive description we write
ξ Fw = i(ae
1 + bf1),
where a, b are locally defined real valued functions. Then
Fw(ξ, ε¯1)ε¯
1 =
i
2
(a+ ib)(e1 − if1), Fw(ξ, ε¯1)ε1 = − i
2
(a− ib)(e1 + if1).
Thus
Fw(ξ, ε¯1)ε¯
1 + Fw(ξ, ε¯1)ε
1 = (−be1 + af1) = −i(∗Fw − η ∧ (ξ ∗Fw)).
The last term can also be described as −iPV (∗Fw), where PV denotes the orthogonal pro-
jection TM → V ∗, and ∗ denotes the complex linear extension of the Hodge operator. The
above facts now yield the following commutator identities.
{Z, T} = c(PV ∗ Fw)+ 2T˜, (3.6a)
H2 = Z2 + T 2 + c(PV ∗ Fw)+ 2T˜. (3.6b)
2Φc is complex linear but it anticommutes with J .
30
Remark 3.9. (a) If we twist the Dirac operator D(∇w) by a hermitian connection on the
trivial line bundle C we obtain a new Dirac operator HA satisfying
HA =
 −i∇Aξ
√
2(∂¯AV )
∗
√
2∂¯AV i∇Aξ
 =: ZA + TA.
The operators ZA and TA satisfy the anticommutation rule
{ZA, TA} = Z2A + T 2A + c
(
PV ∗ Fw)
)
+ c
(
PV ∗ FA
)
+ 2T˜A (3.7)
where T˜A is defined as T˜ using instead the operator TA :=
1
2
√
2
Φc∂
A
V .
(b) The curvature Fw has the local description
Fw = −iρdη + η ∧ (ξ Fw).
Up to a positive multiplicative constant (depending on various normalization conventions)
the scalar ρ is known as the Webster scalar curvature. We refer to [4] for more details.
§3.3 Connections induced by symplectizations The symplectization of the pos-
itively oriented metric contact manifold (M2n+1, η, g, J) is the manifold M˜ = R+ × M
equipped with the symplectic form
ω˜ = dt ∧ η + tdη = dt ∧ η + tω.
If we denote by d˜ the exterior derivative on M˜ then we can write
ω˜ = d˜(tη).
M˜ is equipped with a compatible metric
g˜ = dt2 + η2 + tω(•, J•).
We denote by J˜ the associated almost complex structure. We will identify M with the slice
{1} ×M of M˜ .
If we fix as before a local, oriented, orthonormal frame ξ, e1, f1, · · · , en, fn compatible
with the metric contact structure on M then we get a symplectic frame
e˜0 = ∂t, f˜0 = ξ, e˜k = t
−1/2ek, f˜k = t−1/2fk, k = 1, · · · , n.
The dual coframe is
e˜0 = dt, f˜0 = η, e˜k = t1/2ek, f˜k = t1/2fk, k = 1, · · · , n.
We denote by N˜ the Nijenhuis tensor of J˜ and by Nˆ the Nijenhuis tensor of the almost
complex manifold (Mˆ, Jˆ) used in §3.1. The Chern connection ∇˜c of (M˜ , g˜, J˜) is the metric
connection with torsion T˜ = N˜ . In this case
θ = 0, bT˜ = 0.
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Observe that J˜ = Jˆ . We deduce that for j, k = 1, · · · , n we have
N˜(e˜j , e˜k) =
1
t
Nˆ(ej , ek), N˜(e˜j , f˜k) =
1
t
Nˆ(ej , fk), N˜(f˜j , f˜k) =
1
t
Nˆ(fj , fk),
N˜(∂t, e˜j) =
1√
t
Nˆ(∂t, ej), N˜(∂t, f˜k) =
1√
t
Nˆ(∂t, fk),
N˜(ξ, e˜j) =
1√
t
Nˆ(∂t, ej), N˜(ξt, f˜k) =
1√
t
Nˆ(∂t, fk).
Denote by D˜ the Levi-Civita connection determined by g˜. It determined by (see [9])
2g˜(D˜XY,Z) = Xg˜(Y,Z) + Y g˜(X,Z)− Zg˜(X,Y )
+g˜([X,Y ], Z) + g˜([Z,X], Y ) + g˜(X, [Z, Y ]).
We deduce from the above identity that if X,Y are t-independent vectors tangent along M
2g˜(D˜tX,Y ) = g(XV , YV ) = ω(X,JY ),
where XV := PVX.
2g˜(D˜XY, ∂t) = −∂tg˜(X,Y ) = −g(XV , YV ) = ω(JX, Y ).
As in §3.1 we want to alter ∇˜c by B ∈ Ω1,1s (T ∗M˜) such that trB = 0 so that the new basic
hermitian connection ∇˜b with torsion T˜ †b := N˜ † +B satisfies
∇˜bXξ = 0, g˜(∇˜bXY, ∂t) = 0, (3.8)
for all t-independent tangent vectors X, Y along M .
We have ∇˜ = D˜ +A, where A† = −T˜ †b . Thus we need
0 = g˜(∇˜XY, ∂t) = g˜(D˜XY, ∂t))− g˜(X, N˜ (Y, ∂t)−B(X;Y, ∂t)
= −1
2
ω(JX, Y ) + g˜(X, N˜ (∂t, Y ))−B(X;Y, ∂t)
If Y = ξ we deduce
B(X; ξ, ∂t) = 0.
If Y ∈ C∞(V ) then we deduce
0 = −1
2
ω(JX, Y ) +
1√
t
g˜(X, Nˆ (∂t, Y )) +B(X; ∂t, Y )
=
1
2
g(X,Y ) +
1
4
√
t
g˜(X,ΦY ) +B(X; ∂t, Y ) =
1
2
g(X,Y ) +
√
t
4
g(X,ΦY ) +B(X; ∂t, Y )
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We conclude that B must satisfy the additional conditions
B(ξ; ∂t, Y ) = 0, Y ∈ C∞(V )
B(X; ∂t, Y ) = − 1
2
√
t
( 1√
t
g˜(X,Y ) +
1
2
g˜(X,ΦY )
)
We write B = B0 +B1 where B0 is defined as in Lemma 3.4 by the equality
B0 =
1
4
√
t
{
Φ ∧ dt+ JΦ ∧ η
}
B1 must satisfy the equalities trB1 = 0,
B1(X; ∂t, Y ) = − 1
2t
g˜(X,Y ), ∀X,Y ∈ C∞(V ) (3.9a)
B1(X; ξ, ∂t) = B1(ξ; ∂t, Y ) = 0, ∀X ∈ Vect(M), Y ∈ C∞(V ) (3.9b)
We try B1 of the form
B1 = xdt⊗ dt ∧ η + yη ⊗ dη + U + V
where
U =
1
2t
PV ∧ dt, V = 1
2t
JPv ∧ η
Clearly B1 ∈ Ω1,1(T ∗M˜). Next observe that
bB1 = yη ∧ dη + bV = (y + 1
t
)η ∧ dη,
trB1 = (x+
n
t
)dt,
Thus, set x = −nt , y = 1t . These choices guarantee that B1 ∈ Ω1,1s (T ∗M˜) and trB1 = 0.
The conditions (3.9a) and (3.9b) can now be verified by direct computation. We can now
conclude that if
B =
1
4
√
t
(
Φ ∧ dt+ JΦ ∧ η
)
− n
t
dt⊗ dt ∧ η − 1
t
η ⊗ dη + 1
2t
(
PV ∧ dt+ JPV ∧ η
)
then the connection ∇˜b with torsion N˜ †+B satisfies the conditions (3.8). These conditions
show that ∇˜b induces,, by restriction to each slice {t} ×M , a connection ∇t on TM . The
torsion of ∇1 = ∇t=1 is given by
(T1)
† = N˜ † |t=1 +B |t=1= Nˆ † |M +1
4
(JΦ ∧ η)− η ⊗ dη + 1
2
(JPV ∧ η)
=
1
2
N † − 1
2
η ⊗ dη + 1
2
(JPV ∧ η) + 1
4
(JΦ ∧ η).
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When M is a CR manifold we deduce
T
†
1 = −η ⊗ dη +
1
2
J ∧ η + 1
2
JΦ ∧ η.
In particular
T 1(X,Y ) = −ξdη(X,Y ), ∀X,Y ∈ C∞(V ).
This connection never coincides with generalized Webster connection constructed in §3.1,
because in this case we have bT †1 = 0. This shows ∇1 is Dirac equivalent to the Levi-Civita
connection. We have thus proved the following result.
Theorem 3.10. On every metric contact manifold (M,g, J) there exists a canonical nice
contact metric connection = ∇1 induced by a basic Hermitian connection on the symplecti-
zation of M . This contact connection is Dirac equivalent to the Levi-Civita connection and
its torsion is given by
T
†
1 =
1
2
N † − 1
2
η ⊗ dη + 1
2
(JPV ∧ η) + 1
4
(JΦ ∧ η). 
Let us observe that if M is CR then for every X,Y ∈ C∞(V ) we have
g(∇1ξX,Y ) = −g(ξ, T (X,Y )) = +ω(X,Y )
so that
∇1ξ = DVξ − J = PVDξ + J = ∇wξ + J.
Proposition 3.11. Suppose M is a CR manifold. Then
det∇1 = det∇w + 3niη = det∇c + 5ni
2
η.
Proof
∆ := T †1 − T †w =
1
4
(−7η ⊗ dη − η ∧ dη + 3J ∧ η)
so that ∇1 = ∇w +A where
A† =
1
2
b∆−∆ = −1
2
η ∧ dη + 1
4
(7η ⊗ dη + η ∧ dη − 3J ∧ η)
=
1
4
(7η ⊗ dη − η ∧ dη − 3J ∧ η).
Set
δ = ε1 ∧ · · · ∧ εn.
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As in the proof of Proposition 3.6 we have
det∇1Xδ = det∇wX + i
( n∑
k=1
Ckk
)
δ
where
Ckk = g(AXek, Jfk) + g(AXfk, Jfk).
The above sum is nontrivial only for X = ξ in which case it is equal to 3n. We conclude
that
det∇1 = det∇w + 3niη. 
Remark 3.12. Let us point out a difference between contact and Hermitian connections.
We have shown that there always exist contact connections with torsion T satisfying bT † =
0.
On the other hand, if ∇ is a Hermitian connection on an almost complex Hermitian
manifold (M,g, J) with Nijenhuis tensor N then its torsion satisfies (see [5])
(bT )− = (bN †) = (dcω)−.
If dimM = 4 then always (dcω)− = 0 and in this case it is possible to find Hermitian
connections Dirac equivalent to the Levi-Civita connection. However, in higher dimensions
this is possible if and only if (dcω)− = 0.
§3.4 Uniqueness results The constructions we performed in the previous subsection
may seem a bit ad-hoc but as we will show in this section they produce, at least for CR
manifolds, connections uniquely determined by a few natural requirements.
Proposition 3.13. Suppose (M,η, g, J) is CR connection. Then each Dirac equivalence
class of connections contains at most one nice CR connection.
Proof Suppose ∇ is a nice CR connection with torsion T . Set Ω := bT . We get a
hermitian connection ∇ˆ = dt ∧ ∂t +∇ on (TMˆ, Jˆ) with the property
bT (∇ˆ)† = Ω, trT (∇ˆ)† = 0.
Denote by ∇b the basic hermitian connection on (TMˆ, Jˆ) we have constructed in §3.1. The
results in §2.1 imply that
T (∇ˆ)† = T †b +
9
8
ψ+ − 3
8
Mψ+ +B =: T †b + S,
where
ψ+ ∈ Ω3,+(Mˆ ), B ∈ Ω1,1s (T ∗Mˆ),
Ω = bT †b + 3ψ
+ = 3ψ+ + η ∧ dη,
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B(∂t; •, •) = 0 = B(•; •, ∂t) = 0, trB = 0. (∗)
Thus ψ+ is uniquely determined. Moreover, since ∇ is a CR connection we deduce that
g(X,T (Y,Z)) = 0, ∀X,Y,Z ∈ C∞(V ).
Since the restriction of ∇b to M is also a CR connection we deduce
S(X;Y,Z) = 0, ∀X,Y,Z ∈ C∞(V ).
Thus the restriction of B to V is uniquely determined. The condition B ∈ Ω1,1s (T ∗Mˆ) cou-
pled with (∗) show that the restriction of B to R∂t⊕Rξ ⊂ TMˆ is also uniquely determined.
This concludes the proof of Proposition 3.13.
Remark 3.14. We can use Gauduchon’s description of the hermitian connections on TMˆ
to completely characterize which Dirac equivalence classes of connections on TM contain
nice CR connections.
Corollary 3.15. The Webster connection on a CR manifold is the unique CR connection
adapted to H. Moreover, the connection ∇1 of §3.3 is the unique nice CR connection with
torsion satisfying bT † = 0.
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